Let Γ be a graph admitting an arc-transitive subgroup G of automorphisms that leaves invariant a vertex partition B with parts of size v ≥ 3. In this paper we study such graphs where: for B, C ∈ B connected by some edge of Γ , exactly two vertices of B lie on no edge with a vertex of C ; and as C runs over all parts of B connected to B these vertex pairs (ignoring multiplicities) form a cycle. We prove that this occurs if and only if v = 3 or 4, and moreover we give three geometric or group theoretic constructions of infinite families of such graphs.
Introduction
A graph Γ = (V , E) is G-symmetric if G ≤ Aut(Γ ) is transitive on the set Arc(Γ ) of arcs of Γ , where an arc is an ordered pair of adjacent vertices. For a G-symmetric graph Γ , a partition B of V is G-invariant if B ∈ B implies B g ∈ B for all g ∈ G, where B g = {α g : α ∈ B}, and B is nontrivial if 1 < |B| < |V |. Such a vertex partition gives rise to a quotient graph Γ B , namely the graph with vertex set B in which B, C ∈ B are adjacent if and only if there exists an edge of Γ joining a vertex of B to a vertex of C . Since Γ is G-symmetric and B is G-invariant, Γ B is G-symmetric under the induced (not necessarily faithful) action of G on B. Moreover, if Γ is connected, then Γ B is connected and in particular all arcs join distinct parts of B. For an arc (B, C ) of Γ B , the subgraph Γ [B, C ] of Γ induced on B ∪ C with isolated vertices deleted is bipartite and, up to isomorphism, is independent of (B, C ).
In some examples, such as the case where Γ is a cover of Γ B , all vertices of B and C occur in Γ [B, C ], but many other possibilities also arise.
For an arc (B, C ) of Γ B , let Γ (C) = α∈C Γ (α), where Γ (α) denotes the set of vertices adjacent to α in Γ , and set v := |B|, k := |Γ (C) ∩ B|.
(1) An approach to understanding general G-symmetric graphs Γ in terms of Γ B , Γ [B, C ] and a 1-design induced on B was suggested in [3] , and developed further in [5, 8, 9] in the case k = v −1, where special additional structure on the parts B can be defined and exploited.
If k = v − 2 it turns out that we may also define additional structure on the parts. Since Γ [B, C ] consists of k vertices from each of B and C , in particular v = k + 2 ≥ 3, and the set B \ Γ (C) contains exactly two vertices. Thus we may define a multigraph Γ B with vertex set B and an edge joining the two vertices of B \ Γ (C) for each C in the set Γ B (B) We may also ask the following question. The proof of Theorem 1.1 is given in Section 2 and the examples are constructed in Section 3. The reader is referred to [1] for group theoretic terminology used in the paper. 
Proof of
Then there exists a vertex γ ∈ B such that γ ∈ {α} ∪ (B \ Γ (C)) and so γ is adjacent to a vertex δ ∈ C . Since Γ is G-symmetric, there exists g ∈ G such that (α, β) g = (γ , δ). Since g maps α ∈ B to γ ∈ B and β ∈ C to δ ∈ C , it fixes B and C setwise. Thus, g ∈ G BC ≤ G α , which is a contradiction since α g = γ = α. Therefore, v = 3 and consequently Γ has valency m.
Case 2: v even. Since v is even, there exists a unique edge of Simple(Γ B ), say, e = {α, β}, which is 'antipodal' to e(B, C ) in Simple(Γ B ), that is, α and β are both at maximum distance v/2 from some vertex of e(B, C ). Note that α, β ∈ B ∩ Γ (C). Each vertex γ ∈ B ∩ Γ (C) is adjacent to some vertex δ γ ∈ C . Since Γ is G-symmetric, for each such γ there exists g γ ∈ G such that (α, δ α ) g γ = (γ , δ γ ). Since g γ maps α ∈ B to γ ∈ B and δ α ∈ C to δ γ ∈ C , we have g γ ∈ G BC . Thus for each γ ∈ B ∩ Γ (C), g γ fixes e(B, C ) setwise and hence fixes e = {α, β} setwise also. Thus α g γ = γ ∈ {α, β} and in particular v = 4 and B ∩ Γ (C) = {α, β}. Since g β fixes e setwise, it interchanges α and β. Since 
Constructions
In this section we present several constructions of infinite families of graphs that satisfy the what follows our use of the term 'regular map' agrees with that of [2] , that is, a regular map is a 2-cell embedding of a connected (multi)graph on a closed surface such that its automorphism group is regular on incident vertex-edge-face triples.
Truncations of trivalent symmetric graphs
The construction below produces all graphs that arise in case (a) of Theorem 1.1 with m = 1. Construction 3.1. Let Σ be a trivalent G-symmetric graph with n edges. Define Γ (Σ) to be the graph with vertex set Arc(Σ) and edges {(σ , τ ), (τ , σ )} for (σ , τ ) ∈ Arc(Σ) [4, Example 2.4] . Then Γ (Σ) = n · K 2 , Γ (Σ) is G-symmetric, and its vertex set admits the G-invariant partition 
Flag graphs of 4-valent regular maps
Next we construct four infinite families of graphs that arise in case (c) of Theorem 1.1 with m = 1. The constructions take as input a 4-valent regular map M with automorphism group G = Aut(M) so that the underlying graph Σ of M is G-symmetric and, for σ ∈ V (Σ),
The output of Construction 3.2 involves incident vertex-face pairs of M of the form (σ , h) where σ is a vertex and h is a face incident with σ . Construction 3.2. Let M be a regular map on a closed surface such that its underlying graph Σ has valency four, and let G = Aut(M). For each edge {σ , σ } of Σ, let f , f denote the faces of M such that {σ , σ } is on the boundary of both f and f . Let opp σ (f ) and opp σ (f ) be the other two faces of M incident with σ and opposite to f and f respectively, and define opp σ (f ) and opp σ (f ) similarly. Define four graphs Γ 1 (M), Γ 2 (M), Γ 3 (M), Γ 4 (M) with vertices the incident vertex-face pairs of M and adjacency defined as follows (where ∼ means adjacency): for each edge {σ , σ 
) in both cases, and Γ B ∼ = Σ via the mapping B(σ ) → σ . Since M is a regular map, there exists g ∈ G σ which fixes f 1 , interchanges τ 1 and τ 4 , and interchanges f 2 and f 4 . Thus g interchanges the two vertices adjacent to (σ , f 1 ) in both cases, so Γ is G-symmetric.
Similarly one can verify that all statements hold for Γ = Γ 3 (M) or Γ 4 (M).
2 is a union of cycles since it has valency two. For example, Γ 1 (M) ∼ = s · C t and each face of M gives rise to a cycle of Γ 1 (M), where t is the face length and s the number of faces of M. For the octahedron M one can check that
An explicit group theoretic construction
Finally, we give a Sabidussi coset graph construction (see e.g. [6] ) for an infinite family of graphs that satisfy part (b) of Theorem 1.1 with m = 1. Given a group G, a core-free subgroup H of G and a 2-element g such that g ∈ N G (H) and g 
